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NOTES
1. Thisis the Question Booklet in 13 pages including this front cover.
2. Do not open the booklet until you are instructed to start.
3. Afier the examination has started, check the number of pages and notify proctors (professors) immediately if
you find missing pages or unclear printings.
4. Questions are written in Japanese and English. Answer all the questions.
F1-1,Fi-2 Linear Algebra, Calculus «----ooeeeeeeeee Pages 1 to 4
F2-1,F2-2 Algorithms and Data Structures -+----+--++- Pages 5to 12
5. Write your answer in Japanese or English, unless otherwise specified.
6.  Read carefully the notes on the Answer Sheets as well.
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Master’s Fundamentals
Program  of Informatics

Question

[Linear Algebra, Calculus] Number

Fi1-1

Use one answer sheet for each of F1-1, F1-2, F2—1, and F2-2.

In the questions below, ¢ denotes the imaginary unit and C is the set of all complex numbers.
Also, AH stands for the conjugate transpose (Hermitian transpose) of a matrix A, and A~ is
the inverse of A.

Q.1 Let D e C*** be a matrix defined as

1 1 1 1
D — 1 1 —i =1 i
241 -1 1 -1
1 4+ =1 —
Answer the following questions.
(1) Show that D is a unitary matrix.
(2) Let G € C** be a matrix defined as
1000
G- 0 ¢ 00
0010
00 0 2

Derive the inverse of DAGD.

Q.2 Suppose that an n-dimensional vector space V' is the direct sum of two subspaces 173
and Ws. When a vector x € V is decomposed as

X =X1+ X9, X1 € Wi, xo€ Wo,

we consider the linear transformation that maps x to x;. Let B denote the matrix of the linear
transformation with respect to some basis of V. Answer the following questions.

(1) Derive the matrix of the linear transformation that maps x to x5 with respect to the basis
mentioned above.

(2) Show that B2 = B holds.
(3) Show that

P'BP =

0

holds for some non-singular matrix P of size n % n.
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Question

Number Fl-2

[Linear Algebra, Calculus]

Use one answer sheet for each of F1-1, F1-2, F2-1, and F2-2.

Q.1 Compute the following integrals. Derivations must be clearly shown.

* 1
o [

2
(2) // z%y?dzdy, where D = {(az,y) | 2% + yz < 1}
D

Q.2 Answer the following questions. Derivations must be clearly shown.
(1) Compute log,(1.02) up to the sixth decimal place by rounding the seventh decimal place.
(2) For z > 0, show that the following inequality holds.

2 22 23

z
x—7<loge(1+w)<1—?+§

Q.3 Derive the maximum and minimum values of zyz, when 322 4+ 2y + 22 =1.
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Algorithm 1 MaxHeapify (A, 1i)
1ft + Left (i)
rgt 4 Right (1)

largest + 1

if 1ft < A.heapsize and (1-a) |then
largest + 1ft

end if

if rgt < A.heapsize and | (1-b) |then
largest + rgt

end if

ifthen
tmp  A[i]; A[i] + A[largest]; A[largest] <4 tmp

(1-d)
end if

7272 L. A.heapsize BEH A IHEHEINTVWE e —T 2N T A2EZDOEEET. 3)
THW? A.length IZEHI A ZDOHDDRKEZZXZEK L. A.heapsize < A.length

(2) (1) D MaxHeapify ICE & n OB % 5 2 7z £ & OREFETRHE ORI E5 %
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Algorithm 2 HeapSort (A)
A.heapsize ¢+ A.length
for i <« (3-a) |,...,1do
(3-b)
end for
fori « A.length,...,2do
tmp + A[1]; A[1l] 4« A[i]l; A[i] + tmp

A.heapsize 4 A.heapsize - 1

end for
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Question

Algorith d Data Struct
[Algorithms and Data Structures] Number

F2-1

Use one answer sheet for each of F1-1, F1-2, F2—1, and F2-2.

Q. A max-heap is a nearly complete binary tree in which, except for the root node, the value of
each node is at most the value of its parent. A max-heap can be represented with an array with
indices starting with 1, and the indices of the parent node, left child node, and right child node
of a node with index i can be found with Parent (i) =|3|, Left (i) =21,

Right (i)=21i+1, respectively, where |-] is the floor function.

(1) Complete the following pseudocode of a recursive function MaxHeapi fy for turning the
subtree rooted at a node with index i into a max-heap by filling the blanks ((1-a), (1-b),
(1-c),and (1-d)). The code assumes that the subtrees rooted at the left child node and right
child node of the node with index i are max-heaps.

Algorithm 1 MaxHeapify (A, i)

1ft + Left (i)

rgt 4 Right (i)

largest + 1

if 1ft < A.heapsize and (1-a) |then
largest + 1ft

end if

if rgt < A.heapsize and (1-b) |then
largest ¢ rgt

end if

it then

tmp 4 A[i]; A[i] 4 A[largest]; A[largest] < tmp

end if

In the pseudocode, A . heapsize denotes the number of elements of the max-heap in array A.
Note that A. length used in (3) is the size of the array A itself and 2. heapsize <
A.length.

(2) Answer the asymptotic upper bound of the worst-case running time of MaxHeapify in (1)
when given an integer sequence of length n and answer it with the big-O notation. Answer with
the smallest order.

(continued on the next page)
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Algorith d Data Struct
[Algorithms and Da ructures] Number

F2-1

(3) Complete the following pseudocode of an algorithm HeapSort that uses MaxHeapify
in (1) to sort an arbitrary integer sequence in ascending order by filling the blanks ( (3-a),
(3-b),and (3-c)). Note that the smallest possible value should be given for (3-a).

Algorithm 2 HeapSort (2)

A.heapsize 4 A.length
for i (3-a) |,...,1do
(3-b)
end for
fori <« A.length,...,2do
tmp + A[l]; A[1l] « A[i]; A[i] + tmp
A.heapsize ¢+ A.heapsize - 1
(3-c)
end for

(4) Answer the asymptotic upper bound of the worst-case running time of the algorithm in (3)
when given an unsorted integer sequence of length n and answer it with the big-O notation.
Answer with the smallest order.

(5) Answer the asymptotic upper bound of the running time of the algorithm in (3) when given
an integer sequence of length n sorted in descending order and answer it with the big-O
notation. Answer with the smallest order.
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[Algorithms and Data Structures]

Correction: September 4, 2023

Use one answer sheet for each of F1-1. F1-2. F2-1, and F2-2.

Q.1 The edit cost of two strings can be defined by the minimum number of operations (substitutions,
deletions, and insertions) necessary to make one into the other by substituting, deleting, or

inserting characters. Here we assume the length (N) of the two strings is same. Answer the

following questions.

(1) Answer the cost of editing the string of “PARIS” into “PAIRS”.

11

Question
Number

F2-2
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Program  of Informatics Number F2-2

Use one answer sheet for each of F1-1, F1-2, F2—1, and F2-2.

Q.2 Let us consider unrooted unordered trees where the degree of each node is 1 or 3, and
each edge has no direction. A node with degree 1 is called a leaf. Each edge is given a length of
a positive value. Let d(X,Y") be the length of the shortest path between leaves X and Y.

(1) Letus consider all the trees with exactly three leaves A, 13, and C' satisfying

d(A, B) =12, d(A,C) = 10, and d(B, C) = 6. Without duplication, derive and draw such
trees with the length of each edge.

(2) Letus consider all the trees with exactly four leaves A, B, C, and D satisfying
d(A,B)=12,d(A,C)=10,d(A,D)=7,d(B,C) =6,d(B,D) =9,and d(C,D) = T7.
Without duplication, derive and draw such trees with the length of each edge.

12



