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NOTES
I This is the Question Booklet in 11 pages including this front cover.
2. Do not open the booklet until you are instructed to start.
3. After the examination has started, check the number of pages and notify proctors (professors) immediately if
you find missing pages or unclear printings.

4. Questions are written in Japanese and English. Answer all the questions.

F1-1,F1-2 Linear Algebra, Calculug »««-- - omreeeens Pages 1 to 4

F2-1,F2-2 Algorithms and Data Structures «+«+++------ Pages 5to 10
5. Write your answer in Japanese or English, unless otherwise specified.
6. Read carefully the notes on the Answer Sheets as well.
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Master’s Fundamentals
Program  of Informaties

Question

Li .
[Linear Algebra, Calculus] Number

Fi-1

Use one answer sheet for each of Fl-1, FI-2, F2--], and F2--2.

Q.1 Calculate the matrices L and U satisfying A = LU for matrix 4 below, where L is a
lower triangular matrix with 1°s on the diagonal and U is an upper triangular matrix,

-6 -9 -2 7 -9
42 59 7 -~53 56
A=13 37 -8 -35 30
—42 —-47 30 35 =33
1218 20 —-64 43

Q.2 We define the basis elements of a real 4-dimentional matrix representation of quaternions

as follows:
1 0 00 g 1 06 0 0 0 10 0 0 0 1
5= 0100 T -1 0 ¢ 0 = 0 0 01 K= 0 0 -1 0
0 0 10 0O 0 0 -1 -1 0 0 0 O 1 0 0o
0 0 0 1 0O 0 1 0 60 -1 0 0O -1 0 0 0

Answer the following questions. You may use the following equations:
IJ=K,JK=1,KI=J Jl=-K, KJ=~I,IK=~-J, >?=J?=K?=[JK = —E.

(1) LetQ =aB + b6l +¢cJ +dK and Q = aF — bl — ¢J — dK, where {a,b,c,d) € R
Calculate QQ.

(2) Calculate I~* and Q~1, where (a, b, ¢,d) # 0.

(3) The set of real 4-dimentional matrices A is a noncommutative ring. Prove the following
necessary conditions for a subset H = {Q | ¥(a, b, ¢, d)} to also be a noncommutative
ring.

(a) H is closed for the addition.

(b) The addition is commutative.

(c) The addition is associative,

(d) There exists a zero element for the addition.

{e) There exists an inverse element for the addition.
(f) H is closed for the multiplication,

(g} The multiplication is associative,

(h) The multiplication is distributive.

(i) The multiplication is noncommutative,
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Question

Li Algebra, Calcul
[Linear Algebra, Calculus] Number

ri-2

Use one answer sheet for each of F1-1, F1-2, F2-1, and F2-2.

Q.1 Find the n-th derivative of the following functions with respect to x, where a is a real
number and @ > O and a % 1.

(I) log,x
2) o

3) ze*
@ =

Q2 Letz= f(z,y),z =e%cosv,and y = e’ sinwv.

&z 9%z o2 &%z

Express + in terms of : and
188§ —3 + — T Y s =z
PSS 5z T B2 Yo7 M g

Q.3  Solve the following integrals. Derivations must be clearly shown,

1) fwe%%m

0

[ee] 03
)] f / (az? + byz)e“(““’2+byz)dmdy, where @ > 0 and b > 0. You may use the result of (1),
1] 0
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Program of Informatics [Algorithms and Data Stractures] Number 21

Use one answer sheet for each of Fi1-1, F1-2, F2-1, and F2-2.

Q.1 Consider the big G notation f(n) = O(g(n)) for a function f{n) of a natural number n,
where g(n) is another function of 7. Answer g{n) having the simplest expression for each f(n)
defined below.

(1) f{n) = 5logn+ 2(logn)® + 3n®

(2) f{n) =nlogn + 10n* + 100n

(3) fin) =4dn! 4 2n" 4 8nlogn

Q.2 Suppose the value of a mathematical expression ((5 — 3) = 2) + ((7 — 4)/(2+ 1)) is
computed using a stack machine, where “4-7, *—", “%”, and /7 represent addition, subtraction,
multiplication, and division, respectively. Answer the following questions.

(1) Draw the syntactic tree corresponding to the mathematical expression.

(2) Show the reverse Polish notation (postfix notation) corresponding to the mathematical
expression.

(3) Show a pseudocode that outputs the reverse Polish notation by traversing the syntactic tree.
Recursion must be used.

{4) Draw the change of the stack until the value of the mathematical expression is obtained.

Q.3 Consider a set A == {ay, az....,a,} of n distinct positive integers and a non-negative
nteger s. For a positive integer ¢ (< n) and a non-negative integer j (< ), let d(4, 7) denote the
number of subsets A of A; = {a1,as,...,a;} satisfying ZaeA: a = 1.

(1) Let A= {10,3,6,13,11,4}. Compute d(4, 16) and d(6, 20}, and for each of them, find al}
the subsets satisfying the equality.

(2) Express d(i, j) using some elements of {d(i — 1, k) }o<r<;. Let d(0,0) = 1, d(0,1) = 0,
d(0,2) =0, ..., d(0,7) = 0 for convenience.



ISR BMEEE  (FUTURLEF—2iEE)  |[EEES |22

Fl-1, F1-2, F2-1, P22 ZNFNNOIMHHIFEENNTHET R &,

BE G =(V.EYELHAYSI7ETH, C2C, VIECOTEIEE, Elteodiier
HBo FEuDOIHM v NOFELGIEFES (u,v) € B TEIN, B (u,v) > 0%
Do BB 1AE N TR LNTED, V={1,...,N} TH3, Hilns5704%
M ERY, S NS00 &,

1
%1

ERlo POHR v, NEHRARZE > TRETEL L E, CORKp %

(vi,v2, ..., vm) TET . vy, v ZRLS p DEERREIES S L5, BB p Ok

Up) =SS gy vi) CTEHEABND, ERuhBHEE v OREEKIT. ESuhbE
o \OTRTORED 3 BEEENRNDLDTH S,

(1) B 107572 BY M 49 5 HA 3 ORI & T O R &,

(2) #Hp=(v1, .,v,.. v, L) =yl <i<i<mDEE, BREST
LS, EEORERENEEZ TR0 EEIEE L,

CROR—JiIcEE O



B3 (BREER

Fl-1, FI-2, F2-1,

[ FUX L& T —2EE]

F2-2 Z I F PN OIS

| BREES | F2-2 |

HEEITCTiES B C &,

G O T O AN B LT I bR o0 it %
T?}EE{UFH LJ'I_EJJHJLJN fT?i LL%O <

TR X LEVED. TXTOPFMIERD {1,2,..

IR B MRS R D, BURIMICIE, THER
"3

KFENB END
0 <k<N), &ff
§(ii, k) =0&9 %

HIRITT ORI ¢ D BT F ~NOIRRRE OB 6(:,5, k) &5 %

2T SRS TEE Uik
o =00k ik,

. 06,0,k =

o0} &-5_%0 gf;’:—\

FATHA G EE Liane d 5,

8(i, g, k) AL D & FLOREIE T RTD 4,5 10DWT 84,4, N) BRDB 2 & L RinE 5,

3 1Shk<NDEZ 4, k) =min(d(é, 5,k — 1),66,kk - 1) + 8k, j, k

LT EBERE,

@ dlk
BEYTH, U
a0 .
Bk,

(5) (4) &i ZOT }§/ ::‘ D) Z“J_\fﬁ N4+1 ﬂj@ 2 J\iﬁ?ﬁaﬁﬂ&ﬂ\% ETHTERRETEH, H

VYA XN« N O 2RFTERIITHY, ZDOEEOHE dB[E)[4] = 86, 5, k)
U, B33 1 ClRER AV Fw 2 A5 E T3,
AW B COFEBRTRD DT LT, TRTOEEAMON L CREEEOERS R

— 1)) ALY

TH
i1 @ﬁ77fruﬁb'(f\

=52

(6) (5) DFEHZMNB EROT IV A XLEET B, TO%EM @ BT (b) B X,

Algorithm 1 9 X TOIEAFHNC N U T RERR OIS RSB B

N x N Ofid%i d

forie Vdo
dlé][i] + 0

end for

for (i,j) € E do

221l oo THIHNE

dldllf] « (2, 5)

end for
fork e {1,...
forie {1,...

forje{l,...,

,N}do

N} do
N} do

ifl

(a) I then

(b) |

end if
end for
end for
end for
returi
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Master’s  Fundamentals [Algorithms and Data Structures] Question

Program  of Informatics Number 2-2

Use one answer sheet for each of F1-1, F1-2, F2—1, and F2-2.

Q. Let G = (V, E) be a directed graph. V is the vertex set of ¢ and F is the edge set of G. A
directed edge from vertex u to vertex v is represented as an ordered pair {u,v) € F and has a
distance {(u,v) > 0. The vertices are numbered through 1 to NV, and thus V = {1,..., N}. An
example of a directed graph is shown in Figure 1. The number attached to each edge represents
the distance of the edge.

Figure 1

If vertex vy, is reachable from vertex v; by traversing directed edges, the corresponding path p
is represented as (vy, va, ..., v ). The vertices of p except vy and v,,, are called intermediate
vertices. The distance of path p is given as I(p) = Y77  I(vs, vir1). The shortest path from
vertex w to vertex v is the one with the smallest distance among all paths from vertex v to
vertex v,

(1) Compute the shortest path, and its distance, from vertex 4 to vertex 3 of the graph in
Figure 1.

(2) Pathp = (vi,...,v;...,0j,..., ) s said to contain a cycle if v; = Uy
(1 <4 < j < m). Prove that no shortest path contains a cycle.

(continued on the next page)
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(Question

[Algorithms and Data Structures] Number

F2-2

Use one answer sheet for each of FI-I, F1-2, F2~1, and F2..2,

We consider the problem of computing the distance of the shortest path between every pair of
vertices of . Specifically, we will devise a dynamic programming-based algorithm that
exploits vertex numbers. Let (4, j, k) be the distance of the shortest path from vertex ¢ to
vertex 4 under the constraint that all intermediate vertices are contained in {1,2,....k}

(0 < k < N). If no path satisfies the condition, &(¢, 7, k) = co. Also, we set §(, i, k) = (.
When £ = 0, there is no intermediate vertex. With §(z, 7, &), the original problem is recast as
computing §(%, 7, N) for all 7 and 7.

(3) Show that the following equation holds for 1 < k < N:
6(4, 5, k) = min(6(s, 5, k ~ 1),8(8, k, k — 1)+ 8(k, 4, k — 1)).

(4) Let d'® be a two-dimensional array with size N x /N, with its item values being

d®)[31j] = 8(4, 4, k). Note that array indexing starts with I, For the graph in Figure 1, compute
the distance of the shortest path between every pair of vertices by computing d®, . .., d® in
this order.

(8) (4) suggests that this algorithm requires N + 1 two-dimensional arrays. Show that only
ene array is needed in practice.

(6) Based on the result of (5), we can devise the following algorithm. Fill the blanks (a) and
(b) below.

Algorithm 1 Computing the distance of the shortest path between every pair of the vertices.

Initialize the N x N array d with the value co
foric Vdo
dii][¢] + 0
end for
for (i,j) € E do
dfé]{j] « 1(3, )
end for
forke {l1,...,N}do
forie {1,...,N} do
forje{l,...,N}do

if] (a) | then
| (b) |
end if
end for
end for
end for
return ¢
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