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NOTES
1. Thisis the Question Booklet in 11 pages including this front cover.
2. Do not open the booklet until you are instructed to start.
3. Afterthe examination has started, check the number of pages and notify proctors (professors) inmediately if you
find missing pages or unclear printings.
4. Questions are written in Japanese and English. Answer all the questions.
F1-1,F1-2 Linear Algebra, Calculus -+« eveeeveeeees Pages1to 4
F2-1,F2-2 Algorithms and Data Structures -+«++-++-+- Pages 5to 10
5. Write your answer in Japanese or English, unless otherwise specified.
6. Read carefully the notes on the Answer Sheets as well.
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Question is translated in English in the section below: this translation is given jor reference only.

Pt |

Use one answer sheet for each of FI-I1, F1-2, F2-1, and F2-2.

Q.1 Answer the following questions about real matrices A and B. and a real vector & defined as
follows, where ||z|| denotes the length of .

(A7) s=(00) e(2) e

(1) Calculate A3.
(2) Calculate A1,
(3) Calculate A5,

(4) Calculate 1511 [|(AB)" ||, where n is a natural number.
- n—roQ

Q.2 Let Abeanm x n (m > n) real matrix. Let B and C be matrices defined as follows. Here, T
denotes the matrix transpose. We define an inner product {a, b) as follows, where a and b are
{-dimensional vectors, a;, is the k-th element of a, and b;. is the k-th element of b.

1
B=ATA C = AAT (a,b) = apby
k=1

Answer the following questions. Use the following properties of a real symmetric matrix, if
needed.
» All eigenvalues of a real symmetric matrix are real.

* For any eigenvalue of a real symmetric matrix, we can choose an eigenvector to be a real
vector.

(1) Prove that both matrices 3 and C' are real symmetric matrices.
(2) Prove that all the eigenvalues of B are non-negative.

(3) A real symmetric matrix can be diagonalized using an orthogonal matrix. All column vectors
of an orthogonal matrix with which B is diagonalized are eigenvectors of 3. Among these

eigenvectors, let p; and p; be eigenvectors corresponding to positive eigenvalues A; and Aj;.
. . 1 1

respectively, and let g; and g; be vectors given by g; = ——=Ap; and g; = ——/:\_Apj.

VvV Aj

VA
Prove that g; and g; are eigenvectors of C' corresponding to eigenvalues \; and A;, respectively,

0 (i#]) 1

Prove also that p; = Aqu-.

1 (i=j) VN

and that (g;, gj) =
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Question is translated in English in the section below; this translation is given for reference only.

Use one answer sheet for each of FlI-1, F1-2, F2-1, and F2-2.

Q.1 Answer the following questions.
(1) Express the derivative function for each of the following functions using only y and show
the range of the derivative function.

A) y = f(2) = Trera

B) y = £(2) = SEGHrans)
(2) Compute the extrema of f(z,y) = 23 + 2% when2? + 9> — 1 =0and0 < z,y < 1.

Q.2 A cylinder of 1[m] radius is erected perpendicularly on the ground. A goatis on a leash
of 7r[m] that neither stretches nor compresses. The other end of the leash is tied to a surface
point of the cylinder at the same height.

(1) Consider a two-dimensional coordinate frame with its origin at the center axis of the
cylinder and where the point of attachment of the leash on the cylinder is (—1,0). Using angle
0 from the z axis, express the 2D coordinates of the goat when she is standing without any
slack to theleash forz > —1,y > 0.

(2) Derive the total distance the goat would travel when going around the cylinder once without
any slack to the leash.

(3) Derive the total area of the ground the goat can cover.
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Algorithm 1 SelectKth(A, k). Find the k-th smallest element in A.
function SelectKth(A, k):
p :=PivotSelect(A)
(L, R) :=Partition(A, p)

if (‘a_)j then

return p
end if
if [‘E‘ED then
if |R| = O then
Remove(L, p)
end if
return SelectKth(Z, | (c)
end if
if Ed_) then

return SelectKth(R, )

end if

(1) Algorithm1 & SelectKth BI¥(D Rl 2 — N TdH 5, Algorithml D (a)-(e) Z s X,
(2) |A| = n DIFHA D Partition(A, p). Remove(L,p). PivotSelect(A) DERD LA % Z
NENO(n). On). LV O(1) &5, Algorithm! OFIFHIKE L % *+ — & —KFELT

BEZ &

(RDR—=Z5E< )
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Question is translated in English in the section below: this translation is given for reference only.

Use one answer sheet for each of Fl1-1, F1-2, F2-1, and F2-2.

Q.1 We consider a function SelectKth(A, k) which returns the k-th (k > 1) smallest element in
aset A whose elements are integers. For example, in A = {5, 1,7}and k = 2, SelectKth(A, k)
returns 5. Now, we define a function p := PivotSelect(A) which returns a random element of A,
and we define a function (L, R) := Partition(A4, p) that divides a set A into a set L consisting of
elements less than or equal to p and a set R consisting of elements greater than p. For example,
inA = {5,1,7} withp = 5, L and R of (L, R) := Partition(A, p) aregivenas L = {5,1} and
R = {7}, respectively. We also define a function Remove(A, p) that removes the element p in
the set A. For example, in A = {5,1,7} with p = 7, Remove(A, p) changes A to {5,1}. Note

that we denote | X

as the number of elements in the set X, and assume all elements of the set A
are different.

Algorithm 1 SelectKth(A, k). Find the k-th smallest element in A.
function SelectKth(A, k):
p := PivotSelect(A)
(L, R) := Partition(A, p)

if] (a) |[then
return p
end if
if| (b) |then
if |R| = O then
Remove(L, p)
end if
return SelectKth(L,
end if

if[ (@) j then

return SelectKth(R, )

end if

(1) Algorithml is a pseudo code of the SelectKth function. Fill (a)-(e) in Algorithm 1.

(2) For |A| = n, we assume that the number of element comparisons of Partition(A4, p),
Remove(L,p), and PivotSelect(A) are O(n), O(n), and O(1), respectively. Answer the ex-
pected number of comparisons in Algorithm 1 by big-O notation.

(continued on the next page)
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Question is translated in English in the section below; this translation is given for reference only.

Use one answer sheet for each of FI-1, F1-2, F2-1, and F2-2.

Q.2 Answer the following questions about a hashing with 4 linked lists based on a separated
chaining method. A key is given as a sequence of 4 integer numbers s45352s1,s; € {0,1,2}.
mod indicates an operator that derives a remainder of division.

(1) Consider a hash function ( f=1 3:7—131__) mod 4. Table 1 shows the data structure after
keys 0010 and 1211 are sequentially inserted to an empty state. Draw the data structure after
0010, 2101, 1222, and 1111 are additionally inserted in this order.

(2) Assume that it takes a cost ck for adding a new record to a list containing A records, where ¢
is a positive constant. Consider sequentially inserting keys that independently occur following
the probability distribution shown in Table 2. Show the correspondences between keys and
hash values that minimize the expected cost taken for inserting a key, and explain its reasons.
The correspondences must be answered by filling (a), (b), (c) and (d) in Table 2.

. . . 4
(3) Derive a1, a2,a3,a4,as, a6 in a hash function (3 ;_; a;s; + ass1s2 + agszss) mod 4 that
achieves the correspondences answered in the previous question.

Table 2
Table 1 key | probability | hash value

index list 0100 0.10 (a)
0 0210 0.20 (b)

1 0100 — 1211 1010 0.15 0

2 1101 0.15 1
3 1111 0.25 (c)
2101 0.15 (d)

2 (Q.2) O/ OFEFEROARSLFIZENT, LLTOBERH Y £ L1z,
(32) 0010 and 1211
(i) 0100 and 1211

7ok, HARFERICIT#ED IO FHATLE,

The description of problem (1) of Q.2 in English contained the following
typographical error.

(Error) 0010 and 1211

(Correct) 0100 and 1211
The corresponding problem description in Japanese did not have any
errors.
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(1) OPT(:,0) DfEAR & X X,
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(3)1>2,j>212L, 1<a<i—-1,0<b<jBLVa=40<b<j—1%T%
TDa,biZ2WT OPT(a,b) BREL-TWNWELTE, ZOLEOPT(i,j]) KD
AEAEEEZ L,
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Question is translated in English in the section below; this translation is given for reference only.

Use one answer sheet for each of F1-1, F1-2, F2-1, and F2-2.

An input of the knapsack problem consists of a knapsack with a nonnegative integer c, called
the capacity, and n items a1, as, . . ., a,. Bach item a; has a positive integer w; (< c), called the
weight, and a positive integer p;, called the profit. The total weight and the total profit of a set of
items S are defined as the sum of the weights and the sum of the profits, respectively, of all the
itemsin S. A set of items whose total weight is at most ¢ can be packed into the knapsack. A set
of items with the maximum total profit that can be packed into the knapsack is called an optimal
solution of the input, and the total profit of an optimal solution is called the optimal value of the
input.
Let I be the input with n = 6 and ¢ = 10, where items are given in the following table.

Item a1 | a2 | a3 | aq4 | a5 | Gs
Weightw; | 2 | 3 | 3 | 4| 4
Profitp; | 31415161718

Q.1 Show the optimal value and all the optimal solutions of the input 7.

Q.2 Consider the following algorithm: sequentially process items in a non-increasing order of
the profit per unit weight. When processing an item, put it into the knapsack if possible, and
discard it otherwise. Finally, output the set of items in the knapsack. If there are two or more
items with the same profit per unit weight, process the one with the largest profit first. Show the
output when this algorithm is applied to the input I.

Q.3 Show an input with n < 4 and ¢ = 10, where the total profit of the output of the algorithm
defined in Q.2 is at least 5 times worse (smaller) than the optimal value. Also, explain why your
answer meets the condition of this question by showing an optimal solution and the output of
the algorithm.

Q.4 Forintegers7 and j suchthat1 <7 <mnand0 < j < c,let OPT(3, 7) be the optimal value

of the restricted input where items are as, ..., a; and the capacity of the knapsack is 5. Show
OPT(1,1),0PT(2,4),and OPT(3,5) for the above input 1.

Q.5 Consider an algorithm that computes OPT'(z, 7) defined in Q.4 from those for smaller ¢
and j. Answer the following questions. Note that these questions are not for the specific input I
defined above but for general inputs.

(1) Show OPT(s,0).
(2) Show OPT(1, 7).

(3) Leti > 2 and 5 > 1, and assume that OPT (a, b) is already computed for all a and b such
that] <a<i—-1,0<b<janda =1, 0 <b < j— 1. Show how to compute
OPT(3,7).

10



